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Table I contains all 33 values o fn  ~ 30,000 for which T(n, x) = x n + x + 1 
is irreducible over GF(2) along with the index ( - -  2 n - -  1/period) for those 
n ~ 1000 for which the factorization of 2 n - -  1 is known. The  results for 
n ~< 1000 are taken from [2]. For n > 1000, the work was done on the 
CDC 6600 at the Communicat ions Research Division of the Institute for 
Defense Analyses, Princeton, New Jersey using a method described in [3]. 
Some irreducible T(n, x) for larger n may be obtained by means of the 
following result [1]. 
THEORE~ 1. Suppose f (x )=Zf ix  i is an irreducible polynomial over 
GF(2) of period e and let f~(x) = Zfix ~'-1. Then all irreducible factors of 
f=(x) are of degree e. 
COROLLARY 1. Under the same hypotheses: f (x) is primitive if, and only if, 
f~(x) is irreducible. 
TABLE I 
All n < 30000 for which x" + x + 1 is Irreducible 
n Index n Index n 
2 1 60 1 2380 
3 1 63 1 331o 
4 1 127 1 4495 
6 1 153 1 6321 
7 1 172 3.5 7447 
9 7 303 10198 
15 1 471 11425 
22 1 532 1 21846 
28 3.5 865 24369 
30 33.11 900 27286 
46 3 1366 28713 
502 
ON x" + x + 1 OVER GF(2) 503 
It follows from Corollary 1 and Table I that T(2" --  1, x) is irreducible 
for n = 15, 22, 60, 63, 127, 153 and 532. 
TABLE II 
All n < 30000 for which x n q- x q- 1 is Composite and 
all Irreducible Factors are of the Same Degree 
n Degree of Factors Number of Factors 
16 23 2 
256 24 24 
511 73 7 
513 33 19 
585 32.5 13 
16513 72 337 
As a byproduct of our search for irreducibles we also found all T(n, x) 
with n < 30000 which are composite but have all irreducible factors of 
the same degree. There are only six of these, and they are listed in Table II. 
According to Table I, T(9, x) is irreducible of period 73, so, by Theorem 1, 
every irreducible factor of T(29 -- 1, x) has degree 73. Only the case 511 of 
Table I I  arises in this way, but similarly T(2 ~ --  1, x) is of this type for 
k = 28, 30 and 46. The degrees of the irreducible factors are the respective 
periods given in Table I. The cases 16 and 256 of Table I I  are explained 
by the following easily proved observations. 
TH~Om~M 2. For n >/3, the degree of every irreducible factor of T(2 n, x) 
divides 2n but not n. 
COROLLARY 2. For k >/2, the degree ofevery irreducible factor of T(2 ~, x) 
is 2 k+l. 
Similarly, the case 513 of Table I I  arises from: 
THEOREM 3. For n >~ 3, the degree of every irreducible factor of T(2" + 1, x) 
divides 3n but not 2n, except for the factor x ~ + x -~ 1 that occurs when n 
is even. 
COROLLARY 3. For k >~ 1, the degree of every irreducible factor of 
T(2 ~ + 1, x) is 3 k+l. 
In searching for an explanation of the cases 585 and 16513 of Table II, 
W. H. Mills has discovered a generalization of Theorem 1. The following 
special case suffices here. 
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THEOREM 4 (W. H. Mills, to appear). Let f (x )= Xfix i be a polynomial 
over GF(2) and let r >~ 2 be a power of 2. Define the function l9 by 
f~(x) -- Efix(r'-l)/(r-l). 
Then 
(1) i f  f is irreducible, h is of positive degree, h I f  B and h [ge then f ig ;  
(2) f l g if and only if  f a I g~. 
COROLLARY 4. I f  T(n, x) ] x t + 1, then 
T(r n -- 1/r --  1, x) Ix (d-1)/(~-l) + 1. 
For the case 585 = 84 -- 1/8 --  1, let r = 8 and n ~ 4. Now 
T(4, x) Ix 15 + 1 
SO 
T(4, x) ~ = T(585, x) [ x(Sl~-l)/7 + 1 = x (2~5-1)/7 + 1 
by Corollary 4. Since 245 -- 1 -~ 7 × 31 × 73 X 151 × 631 × 23311, the 
foregoing shows that every irreducible factor of T(585, x) has degree dividing 
45 but not 3. The possible degrees of the irreducible factors are therefore 
45, 15, 9 and 5. Suppose there is a factor h of degree dividing 15. Its order 
is then a divisor of 215 --  1/7 so 
h l x(SS-1)/(s-l) + 1 = (x5 + 1) 8 . 
But T(4, x) is irreducible and h ] T(4, x) ~, so by (1) T(4, x) [ x 5 + 1. This is 
false since T(4, x) has period 15, and we conclude that all irreducible factors 
of T(585, x) must have degree 45 or 9. Similarly, if there is a factor h of 
degree 9, 
h [x(~9-1)/(2~-1) + 1 ~- (x 3 + 1) B, 
and we would have x a + x + 1 ] x s + 1. It follows that every irreducible 
factor of T(585, x) is of degree 45. 
The ease 16513 = 221 -- 1/27 -- 1 is easier because 2ln51~ -- 1 = (27 --  1)p 
where p is a prime. Let r = 2 ~ and n = 3. Now T(3, x) [ x ~ + 1 so 
T(3, x) B = T(16513, x) [ x (~9-1)/(2'-1) + 1 = x ~ + 1 
by Corollary 4. Since p is prime, every irreducible factor of T(16513, x) 
has period p and, hence, degree 49. 
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